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Abstract
A tree is said to be starlike if exactly one of its vertices has degree greater than two. We
show that no two non-isomorphic starlike trees are cospectral. c© 2002 Elsevier Science B.V.
All rights reserved.
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1. Introduction
A tree in which exactly one vertex has degree greater than two is said to be starlike
[7]. In some recent studies of starlike trees [1,3,4] the problem of the existence of pairs
of non-isomorphic cospectral starlike trees was encountered. Among trees cospectrality
occurs very frequently [5] and already the simple starlike trees S(1; 1; 1; 1) and S(2; 2; 2)
have cospectral mates (which, however, are not trees). Therefore it looked somewhat
unlikely that cospectrality could be absent in the class of starlike trees. Yet, in this
paper we demonstrate that no two (non-isomorphic) starlike trees are cospectral.
Let Pn denote the path on n vertices. By S(n1; n2; : : : ; nk) we denote the starlike tree
which has a vertex v1 of degree k¿ 3 and which has the property
S(n1; n2; : : : ; nk)− v1 =Pn1 ∪ Pn2 ∪ · · · ∪ Pnk : (1)
Clearly, the parameters n1; n2; : : : ; nk determine the starlike tree up to isomorphism. In
what follows, it will be assumed that n1¿ n2¿ · · ·¿ nk¿ 1.
We say that the starlike tree S(n1; n2; : : : ; nk) has k branches, the lengths of which
are n1; n2; : : : ; nk , respectively.
Let G be a simple graph of order n. The spectrum of G consists of the eigenvalues
	1¿ 	2¿ · · ·¿ 	n of its (0,1)-adjacency matrix A. The characteristic polynomial of
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the adjacency matrix, det(	I − A), is called the characteristic polynomial of the graph
G and is denoted by (G; 	) or simply by (G) [2].
Two graphs G and H are said to be cospectral if they have equal spectra (i.e.,
equal characteristic polynomials). If G and H are isomorphic, then they necessarily
are cospectral. Numerous pairs of non-isomorphic cospectral graphs are known [2].
2. Some auxiliary results
If P(	) is a polynomial in the variable 	 then by cj(P) we denote the coeIcient of
P corresponding to 	j.
The starlike tree S(n1; n2; : : : ; nk) possesses n1 + n2 + · · · + nk + 1 vertices. If two
starlike trees S(n1; n2; : : : ; nk) and S(m1; m2; : : : ; m‘) are cospectral, then, clearly, they
must possess equal number of vertices. However, we can say something more:
Lemma 1. If two starlike trees S(n1; n2; : : : ; nk) and S(m1; m2; : : : ; m‘) are cospectral;
then it must be k = ‘.
Proof. If T is any n-vertex tree, then cn−4((T )) is equal to the number of selections
of pairs of independent edges of T [2], computed as
cn−4((T ))=
(
n− 1
2
)
−
n∑
i=1
(
deg(i)
2
)
;
where deg(i) denote the degree of the ith vertex of T . For a starlike tree S with
maximal vertex degree equal to k, this expression becomes
cn−4((S))= 12 [(n− 1)(n− 4)− k(k − 3)]:
Therefore, if k = ‘ the above speciKed starlike trees have diLerent characteristic poly-
nomials and are thus not cospectral.
If G is a graph and v is any arbitrary vertex, then [2,6]
(G)= 	(G − v)−
∑
u
(G − u− v)− 2
∑
C
(G − C)
with the Krst summation on the right-hand side going over vertices u adjacent to the
vertex v and the second summation over all cycles C embracing the vertex v. Applying
this recurrence relation to starlike trees we obtain
(S(n1; n2; : : : ; nk))= 	
k∏
i=1
(Pni)−
k∑
i=1

(Pni−1)∏
j∈Vi
(Pnj)

 ; (2)
where Vi = {1; 2; : : : ; k}\{i}.
By substituting 	=2cos  one gets (Pn; 2 cos )= sin(n+1)=sin  (see [2, p. 73]).
Therefore the characteristic polynomial of S = S(n1; n2; : : : ; nk) may be rewritten as
(S; 2 cos )= 2 cos 
k∏
i=1
sin(ni + 1)
sin 
−
k∑
i=1

 sin ni
sin 
∏
j∈Vi
sin(nj + 1)
sin 

 :
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Further, by setting t1=2 = ei we obtain (Pn; t1=2 + t−1=2)= t−n=2=t− 1(tn+1 − 1) which
implies
(S; t1=2 + t−1=2)= [t(n1+n2+···+nk+1)=2(t − 1)k ]−1n1 ;n2 ;:::;nk (t); (3)
where
n1 ;n2 ;:::;nk (t)=− t
k∑
i=1

(tni − 1)∏
j∈Vi
(tnj+1 − 1)

+ (t + 1) k∏
i=1
(tni+1 − 1):
Next, by induction on k it is easy to verify that
k∏
i=1
(tni − 1)=
∑
x∈Ik
(−1)k−||x||t
∑k
j=1 xjnj ; (4)
where Ik = {0; 1}k ; x=(x1; x2; : : : ; xk) and ||x||=
∑k
i=1 xi. According to (4), we now
have
(tni − 1)
∏
j∈Vi
(tnj+1 − 1) =
∑
x∈Ik
(−1)k−||x||txi ni+
∑
j∈Vi xj(nj+1)
=
∑
x∈Ik
(−1)k−||x||t−xi t
∑k
j=1 xj(nj+1):
Because
t−xi =
{
1=t if xi =1;
1 if xi =0
it follows that
∑k
i=1 t
−xi = k − ||x||+ ||x||t−1. From this we obtain
t
k∑
i=1

(tni−1)∏
j∈Vi
(tnj+1−1)

=∑
x∈Ik
(−1)k−||x|| [||x||+(k − ||x||)t] t∑kj=1 xj(nj+1):
Finally, we arrive at
n1 ;n2 ;:::;nk (t)=
∑
x∈Ik
(−1)k−||x||[1− ||x|| − (k − 1− ||x||)t]t
∑k
i=1 xi(ni+1):
Let Ek = {(1i ; 2i ; : : : ; ki ) | i=1; 2; : : : ; k} ∪ {(0; 0; : : : ; 0)}, where ji is the Kronecker
delta symbol. Let Jk = Ik\Ek . Then
n1 ;n2 ;:::;nk (t)=
(1)
n1 ;n2 ;:::;nk (t) + 
(2)
n1 ;n2 ;:::;nk (t); (5)
where
(1)n1 ;n2 ;:::;nk (t)=
∑
x∈Jk
(−1)k−||x||[1− ||x|| − (k − 1− ||x||)t]t
∑k
i=1 xi(ni+1)
and
(2)n1 ;n2 ;:::;nk (t)= (−1)k
[
1− (k − 1)t + (k − 2)
k∑
i=1
tni+2
]
:
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Lemma 2. cnk+2(
(1)
n1 ;n2 ;:::;nk (t))= 0.
Proof. Since ||x||¿ 2 we obtain ∑ki=1 xi(ni + 1)¿ (nk + 1) + (nk + 1)¿nk + 2.
3. The main result
Theorem 3. No two non-isomorphic starlike trees are cospectral.
Proof. In view of Lemma 1 it is suIcient to consider starlike trees with equal num-
ber of vertices and equal number of branches. We assume that S(n1; n2; : : : ; nk) and
S(m1; m2; : : : ; mk) are cospectral starlike trees and demonstrate that they must be iso-
morphic. In other words, we show that if ni and mi diLer for at least one value of i,
then S(n1; n2; : : : ; nk) and S(m1; m2; : : : ; mk) are not cospectral.
Since (S(n1; n2; : : : ; nk))=(S(m1; m2; : : : ; mk)) and n1 + n2 + · · ·+ nk =m1 +m2 +
· · ·+ mk , by relation (3) we have that n1 ;n2 ;:::;nk (t)=m1 ;m2 ;:::;mk (t).
Consequently, from (5) it follows
(−1)k (k − 2)
k∑
i=1
tni+2 + (1)n1 ;n2 ;:::;nk (t)
= (−1)k (k − 2)
k∑
i=1
tmi+2 + (1)m1 ;m2 ;:::;mk (t): (6)
From Lemma 2 we know that cnk+2(n1 ;n2 ;:::;nk (t))= cnk+2(
(2)
n1 ;n2 ;:::;nk (t)). From Eq. (6)
is then evident that it must be nk =mk .
Let us now assume that Eq. (6) holds if there exists an index j (16 j¡k) such
that nj =mj. Without loss of generality we may suppose that nj ¿mj and ni =mi for
i¿ j. Let r and s be the number of times the term tmj+2 occurs in
∑k
i=1 t
ni+2 and∑k
i=1 t
mi+2, respectively. It is clear that s¿ r.
We show that any x∈ Jk which generates a term tmj+2 in the polynomial n1 ;n2 ;:::;nk (t)
also generates tmj+2 in m1 ;m2 ;:::;mk (t) (and vice versa).
Suppose that for some x∈ Jk ,
∑k
i=1 xi(ni + 1)=mj + 2. Then xi =0 for any i6 j.
Indeed, if we assume that xi =1 for some i6 j then, using the fact that ||x||¿ 2,
we obtain
∑k
i=1 xi(ni+1)¿ (nj +1)+ (nk +1)¿nj +2¿mj +2. Therefore, we have
that either
∑k
i=j+1 xi(ni + 1)=mj + 2, or 1 +
∑k
i=j+1 xi(ni + 1)=mj + 2.
Since ni =mi for i¿ j, we conclude that the same x∈ Jk generates tmj+2 in the poly-
nomial m1 ;m2 ;:::;mk (t).
In a completely analogous manner it is shown that if, conversely, x∈ Jk generates
the term tmj+2 in the polynomial m1 ;m2 ;:::;mk (t), then the same x generates a term t
mj+2
in n1 ;n2 ;:::;nk (t).
Let !1 = cmj+2(
(1)
n1 ;n2 ;:::;nk (t)) and !2 = cmj+2(
(1)
m1 ;m2 ;:::;mk (t)). We just have shown that
!1 =!2. On the other hand,
cmj+2(n1 ;n2 ;:::;nk (t))=!1 + (−1)k(k − 2)r
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and
cmj+2(m1 ;m2 ;:::;mk (t))=!2 + (−1)k(k − 2)s:
Since s¿ r we see that the two coeIcients are diLerent, contradicting the assumption
that S(n1; n2; : : : ; nk) and S(m1; m2; : : : ; mk) are cospectral.
This completes the proof.
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